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ABSTRACT: The boosted Taub-NUT metric with zero ADM mass is shown to possess a
dual momentum in the direction of the boost giving credit to the existence of another
4-vector K, in linearized gravity associated to the NUT charge and dual to the usual P,.
Taking the infinite boost limit we obtain a shock pp-wave with NUT charge. We show
that the latter is the gravitational dual of the infinitely boosted Schwarzschild metric, also
known as the Aichelburg-Sexl pp-wave. We review the fact that this new shock pp-wave is
also a half-BPS solution of N' = 1 supergravity. It has a BPS bound equal to Ky = |K,|.
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1. Introduction

Electric-magnetic duality was originally established as a symmetry of the Maxwell equa-
tions and revealed itself a powerful tool. As examples let us remind Dirac’s realization [I]
that the very existence of magnetic monopoles would imply the quantization of charges, or
Montonen and Olive [] who conjectured the presence of this symmetry inside non-abelian
gauge theories which was later shown to hold as a strong-weak duality in N/ = 4 super
Yang-Mills [J].

Although Einstein’s equations of General Relativity and the concept of electric-
magnetic duality were already well-established, it was only in the 50s-60s that Taub [
and Newman-Unti-Tamburino [ discovered a solution, called the Taub-NUT solution,
which possesses a mass but also another parameter called the NUT charge. It was soon
realized [ that this NUT charge could be understood as the gravitational magnetic dual
of the ADM mass (see for example [fj] and references therein). However, up to now, this
duality, which acts as an Hodge operator on the Riemann tensor, has only been verified in
linearized gravity and still resists attempts to be proven in the full non-linear theory [R, [.

Motivated by the understanding of this important duality that seems to exist in General
Relativity and the already-known BPS bound M? + N? = Z? [[[(], we were first interested
in the supersymmetric properties of the charged Taub-NUT. We reviewed in our previous
paper [L1] how to obtain this BPS bound in A/ = 2 supergravity, and derived the Killing
spinors for this particular solution. We then showed the impossibility of including the NUT
charge in the usual supersymmetry algebra and proposed a way of modifying the algebra
such as to include it. This discussion was motivated by the projection we obtained on the
Killing spinors and from Nester’s construction. On the way, we also derived generalized
expressions for the ADM and dual ADM 4-momenta. This construction made it clear that
the vielbein formalism is certainly more appropriate to study the duality as it permits
to express surface integrals in terms of regular spin connections (along the Misner string



direction). It was also noted that this completion of the N' = 2 supersymmetry algebra
should already be present in N = 1.

In this work we would like to give credit to the modification of the N' = 2 supersym-
metry algebra presented in [[L]]. We provide evidence that the modification should also be
present in ' = 1 and verify that it is indeed proportional to a 4-vector K, where Ko = N
for the Taub-NUT solution. In this letter, we thus consider the Taub-NUT solution with
the ADM mass set to zero and with no electromagnetic charges. We shall refer to this solu-
tion as the “pure Taub-NUT”. It is understood that this metric is solution of the vacuum
Einstein equations and that it preserves no supersymmetries in N' = 1 supergravity as the
BPS bound is N = 0.

The paper is organized as follows: In section 2, we apply our charge formule [[L1]] to the
boosted pure Taub-NUT and show that K, does transform as P, under boosts. In section
3, we study the limit of infinite boost using the method of Aichelburg-Sexl and show that we
obtain a shock pp-wave. As expected from the result in [ where it is checked that linearized
pure Taub-NUT is dual to linearized Schwarzschild, we also recover the infinitely boosted
Taub-NUT metric as the gravitational dual of the Aichelburg-Sex] pp-wave, or infinitely
boosted Schwarzschild [[Z]. In section 4, we review the supersymmetric properties of pp-
waves and show that the dual pp-wave preserves half of the supersymmetries and satisfies
the BPS bound Ky = —Kj3. This is also checked calculating the charges of the dual
pp-wave.

2. The boosted Taub-NUT solution

In this section, we wish to add credit to the existence of the 4-vector K. This 4-vector
was already presented in the derivation of the quantization condition in gravity in [j]. We
also showed in [[J] that the Nester construction or a formal definition of a gravitational
dual analogue of the energy-momentum P, gives a unique expression for the 4-vector K,,.
The charge formulse were however only applied to the static Taub-NUT. To show that this
K, does transform as a 4-vector, we will boost the Taub-NUT solution and show that a
momentum contribution appears in the boosted direction.

To do that, let us first recall the metric of the Taub-NUT solution which possesses a
mass M and a NUT charge N:

2
ds? = —%(dt + 2N cos 0d¢)? + RTdTQ + R*(d6? + sin? 0d¢?) (2.1)

where we defined A = r2 — N2 —2Mr and R? = r2 + N2. From now on, we will set M =0
and discuss the pure Taub-NUT solution.

As we showed in [[L]], if we work in the vielbein formalism it is possible to derive an
expression for P, and K, as surface integrals over the spin connection. The linearized
vielbein is given by:

1
et = dzt + in“”(hyp + vy )da” (2.2)

where h,, = hy, is the linearized metric, v,, = —v,, is related to local Lorentz invariance
and no difference is made between flat and curved indices as we are working in linearized



gravity around cartesian flat coordinates. The expressions for the charges in terms of the
vielbein were found to be [[L1]:

1 .

Py = E (aihli — Orhy; + ai?}il)dzl, (2.3)
1 .

P, = Tor (Bohur, — Orhok + 6Fdiho; — 01 Bohi; + Orvor + 6F Divig)d, (2.4)
1 Iy .

Ko = E}{ "0 ho; + Ojvi0)dXy, (2.5)
1 y .

Kk = 16—7'(' j{el ](8ihkj + ajvik)dEl, (26)

123 — 1. The only restriction for using these expressions is that the spin connection,

where ¢
using a particular linearized vielbein, has to be regular. For the Taub-NUT metric we
obtained Ko = N, Py = M and P, = K; = 0 using a triangular vielbein.

One could easily argue that there always exists a gauge transformation such that the
vielbein can be set in a symmetric gauge (and by this we mean v,, = 0) which would
reduce our formulee for P, to the standard ADM ones. However, one should be aware that
this is only valid (at the level of the calculation of charges) in the case where the gauge
transformation is non-singular. In other words, one can use these formulz in the symmetric
gauge where v,,, = 0 only if the spin connection is regular along the Misner string direction.
As stated in [II]] we see that these expressions are generalized by saying that we should not
fix the gauge in the symmetric gauge but rather in the “regular spin-connection” gauge.

A first natural test to certify the existence of the 4-vector K, is to show that the
boosted Taub-NUT has Ky = v/N and a momentum in the direction of the boost equal
to vBN. As we are interested in calculating a surface integral at spatial infinity, we will
directly work with the linearized pure Taub-NUT:

ds%in = —dt? — 4N cos 0dodt + di? + f2(d§2 + sin® éd(?) (2.7)

which can be written in cartesian coordinates as:
1

e (zdy — gdz)dt + dz* + dy* + dz* (2.8)

ds?, = —dt* — 4N

=Sy

where p? = 72 + 7.
If we now perform a boost in the z-direction:

y=y (2.9)
we get:

2 _ .2 2 2 o =B B
ds® = —dt” + dx* + dy” + dz* — AN —————=(dt — (dz)(zdy — ydx) (2.10)
Tp?



One should be careful while treating the coordinate 7, as the large radius limit is really
r= (22 + 9%+ 2%)Y/? = o0, and thus:

1 2 2 2 N
= |2 +y"+7 (2 - B1)
1 ~1/2
= - [(sin2 0 +~2 cos® 0) + 7232 (12 /r?) — 2+ B cos O(t /1)
1 2
~ogT Oo(1/r?) (2.11)
where we defined B = \/sin26 + y2cos20.
Our choice for the vielbein is:
2
— pt
¥ = dt — 2N7(Z_72ﬁ)(ydx — xdy)
p
et = dx
e? = dy
2
— 0t
3 = —2N%(y dz — x dy) + dz (2.12)

where it can be checked that the spin connection is regular, in agreement with [[[T] because
our choice is precisely the triangular vielbein e’f—} for the linearized static Taub-NUT metric

transformed under the boost to € = A™, A, 7€ = 6" + 0™ (hyy + vyp).

Looking at (2.1(), the linear perturbations are:

(=0
Tooa?4y?
(z—pt) =z

hyz = _Bhty = 2N’725 7 22 +y2

hmz = _ﬁhtx = _2N72ﬁ

(2.13)

And we can directly see in () that our vielbein gives us vy, = hye and v,q = h,, for
a=xy.
We can now easily proceed to the calculation of Kjy:

1 ) . 1 ) .
Ko = — ¢ (0;ho; + 0jvi0)dS; = — @ €Y 8;ho;dS
0 1677?{6 (Oihoj + 0jvi0)d% 87rj£€ Oiho;jd¥
N , [ sinf
= w0 e
= yN. (2.14)

Note also that the time dependence in the integrand (R.14) is subleading and tends to zero
when r — oo.

The calculation for K, is readily the same and we find:
K, = _BE %Elij&,hojdgl = —fKy = —06N (2.15)

us



while K, = K, = 0. Finally using (2.3) and (B.4), it is not difficult to show that P, = 0
for the boosted Taub-NUT solution.?

We have thus shown that K, behaves as a 4-vector.

3. The pp-wave and its magnetic dual

In this section, we present two ways of obtaining the infinite boost of the Taub-NUT
metric. The first derivation follows the steps of the method of Aichelburg and Sex! [[[J]
who performed the infinite boost of the Schwarzschild metric. They obtained a (shock)
pp-wave given by the expression:

ds® = —dt* + dx* 4+ dy* + dz* — 8 p In(v/22 +y2) 6(t — 2) (dt — dz)* (3.1)

This method was generalized in [[L3] and used, for example, for the infinite boost of the
Reissner-Nordstrém black hole. This more general analysis was used in [[[4] for the infinite
boost of the Kerr black holes where the Aichelburg-Sexl metric is shown to be recovered
in a certain limit.

One important characteristic of (B.1]) is that this metric is solution of the linearized but
also of the full Einstein’s equations. In fact, this kind of solutions was already well-known.
The Aichelburg-Sexl metric belongs to the wider class of pp-waves, plane fronted waves with
parallel rays, first introduced by Brinkmann in 1925 as metrics on Lorentzian manifolds:

ds* = H(u, z,y)du?® — du dv + dz* + dy? (3.2)

where H is a smooth function. If moreover the function H is harmonic in z and y then it
is a solution of the full Einstein’s equations.

The specificity of the Aichelburg-Sexl solution is that the H function factorizes its u
dependence in a delta function such that H(u, z,y) = F(z,y)d(u) and F(z,y) is a harmonic
function. This shock pp-wave was also discussed in [1§] and understood as the gravitational
radiation of a particle travelling at the velocity of light measured by an observer at rest.

We now perform the infinite boost on the Taub-NUT solution. Like in the

Schwarzschild case [[12], we only need the linearized part of the metric. For the pure
Taub-NUT we thus have:

ds? = —dt* + dz* + dig* + dz* + ds3y (3.3)
where ds? ; = —4N cos 0dt d¢.

Here, for convenience, we will take the Misner string along the x direction (namely
interchanging 7 and z in (R.§)) and boost along the z direction according to (R.9). We then

'For Py and P, the integrands are zero while for P, and P, the integrands are non vanishing but the
integrals (@) are zero.



find in the leading order in ~:

t—yu
zZ—= —yu
2 _},72u2_|_ (x2—|—y2)
— x/ V2 u? + (2% +y?)
by
v U2 4y 2y2

=3

=08

cosl =

d (3.4)
where tan¢ = 7/Z, we defined u = t — 8z, and by leading order we mean that z —
Y(z — Bt) = —yu + y(1 — B)(z +t) ~ —yu. Note that we can also drop in d¢ the second
term in u dy as we will see that it is at v = 0, when the infinite boost limit is considered,
that a contribution appears.

The deformed part of the metric becomes:

d
VR u?+ (22 +y?) YUty

dsﬁof = — (35)

In the limit of infinite boost, we take v — co and N — 0 while keeping N+ = k. This
means we have:
A du?

2 = im 1
P =TI ¢ g+ (Lt A 1 A7) 0

1

where we wrote e =y~ 'z and A = y/x.

If we now take ¢ — 0 in the sense of the distributions using the fact that:

lim 2 £(z/€) = 6() (3.7)

e—0 €

for a function f such that fj;o f(z)dz =1, we find:
ds%; = —8k arctan(1/A) 6(u) du?® = —8k arctan(z/y) §(u) du? (3.8)
and the metric of the infinitely boosted pure Taub-NUT metric is:
ds® = —dt* + dao* + dy* + dz* — 8k arctan(x/y) §(t — 2) (dt — dz)* (3.9)

The metric (B.9) is obviously solution of the full non-linear Einstein equations because it
is of the form (B.9) and arctan(x/y) is harmonic. Moreover, we show in the next section
that Ko = — K, = k as it should.

To confirm this limit we now describe an alternative derivation using the gravitational
duality of (linearized) gravity [[f]l. We show that the infinite boost of the Taub-NUT metric
is the gravitational dual of the Aichelburg-Sexl pp-wave. In fact it is enough to check that
one metric has a Riemann tensor dual to the other. For simplicity, we will not take into
account the Dirac delta function as it does not affect the following analysis.



The non-trivial fluctuations for the Aichelburg-Sexl pp-wave are:

hig = hy, = —hy, = =8 p In(v/22 + y?) (3.10)

The linearized Riemann tensor is defined as:

Ropys = 28[ahﬁ] [7.9] (3.11)

whose non-trivial components for the Aichelburg-Sex] metric are:
1 1 1
Riay = _5 8a8bhtt Rigp = _5 8aabhtz R.ozp = _5 aaabhzz (312)

for a,b = x,y and where R,g.s is, as usual, antisymmetric in its first two and last two
indices and symmetric under the exchange of the first and second pair of indices.
The infinitely boosted pure Taub-NUT has non-trivial fluctuations:

hig = hyy = —hy, = —8k arctan(z/y) (3.13)

where iNLW refers to the dual metric. The non-trivial components of the Riemann tensor
are thus the same as in (B.13) but with hy, replaced by iz,w.

It is then easy to check that the non-trivial components of the Riemann tensor for (B.9)
are precisely the ones obtained from (B.19) by duality using:

~ 1
Raﬁ)\,u = ) €afys RPY&)\“ (314)

with €zy. = 1.

We have thus checked that the dual of the Aichelburg-Sexl pp-wave is the infinitely
boosted Taub-NUT, which we will call the dual pp-wave or NUT-wave. The metric is
another shock pp-wave but with a different harmonic function:

ds® = —dt* + da* + dy* + dz* — 8 k arctan(x/y) (dt — dz)* (3.15)

Note that the harmonic function has a cut in the x — y plane, remnant of the Misner
string singularity. It is interesting to recall [[1] that in the Killing spinor equation for
Taub-NUT, the ADM mass and NUT charge appear in the combination M — y5N where
752 = —1, which is reminiscent of a complex structure. In the same way, for the pp-waves,
we could construct a complex variable ¢ = y + iz whose logarithm is In { = In /22 + y2 +
iarctan(x/y) and attribute the real part of this logarithm to the Aichelburg-Sexl metric
and the imaginary part to the dual pp-wave. This last fact can be generalized to any
solution (B.9), where H(u,z,y) = F(x,y)0(u) and F(z,y) is a harmonic function. The
gravitational dual solution is characterized by H(u,z,y) = F(x,y)0(u) where F is the
harmonic conjugate function of F' (namely F(¢) = F +iF is an holomorphic function of ¢ ).2

2The holomorphic nature of F' (¢) is reminiscent of the holomorphic nature of the complex Ernst potential
for BPS solutions (see for instance section 3.4 of [E])



4. Charges and supersymmetric properties of the dual pp-wave

In this section, we want to review the fact that the shock pp-wave is a supersymmetric
solution of N = 1 supergravity® and, as the BPS bound is Py = —P; for the Aichelburg-
Sex] metric, we want to establish that the BPS bound is Ky = — K3 for our dual pp-wave.
As a final check, we show that the charges for the dual pp-wave verify this BPS bound as
it can be expected from the infinite boost of (R.14) and (R.13).

To use our formulae for the charges, we need a regular spin connection [[[I]. We will

give arguments that the good choice of vielbein is the symmetric one. To do that, let us
start with a pp-wave of the form:

ds® = —dt® + dz® + dy* + dz* + F(dt — dz)*
= —du(dv — Fdu) + dz* + dy® (4.1)
where F' = F(x,y) and where we defined light-cone coordinates v =t — z and v =t + z.

Note that we dropped again the delta function for simplicity.
An obvious vielbein choice in light-cone coordinates is:

e = du et = dv— Fdu
el = dx 2 =dy (4.2)

and the metric is ds? = Nape® e? where the non-vanishing components are 711 = 1720 = 1,

Ny =1-4 = —1/2.
Going back to cartesian coordinates, we obtain the symmetric vielbein:

1 F
= (et +e7)=dt - E(dt — dz)

2
el = dx
e? =dy
1 F
e = §(eJr —e ) =dz— 5(dt —dz) (4.3)
where symmetricity is understood by the fact that v,, = —wv,, = 0. The non-trivial

components of the spin connection are:
1
Wog = —W3q = i&lF(x, y)(dt — dz) (4.4)

where F(z,y) = —8k arctan(x/y) for the dual pp-wave. Even if in the case of our dual pp-
wave the metric has a string singularity, one can see that the spin connection is “regular”
in the x — y plane . One could argue that a triangular vielbein with a regular linearized
spin connection could also be used. However, it is important to note that our choice of
vielbein is linear in the full theory. If one tries to construct such a triangular vielbein for
example it would not be linear in the full theory and the operation of linearizing would
then erase singularities in the spin connection such as 1/y/1 — F ~ 1+ (1/2)F with F being
the singular harmonic function. The calculation of charges would then fail.

3Note that all supersymmetric solutions of A" = 1 supergravity were classified in [ﬂ]



It can be easily seen that the pp-wave solution is a half-BPS solution of N' = 1
supergravity when looking at the Killing spinor equation (conventions are taken from [[L1]):

1
0y, = [8“ + Zw,’f" ymn} e=0 (4.5)

This gives us the set of equations:

opy = [&t - 1C%F(vm y)(vo + ’YS)’Ya] e=0

4
0y = Ope=0
01y = Oye =0
1
oy, = [82 + ZaaF(w, y) (0 + 73)%} e=0 (4.6)

As the second and third equations show that € does not depend on x and y, then the first
and fourth equations imply the projection (yo+3)e = 0. This determines that the solution
preserves half of the supersymmetries and has a constant Killing spinor. This projection
corresponds to the BPS bound Ky = — K3 for our dual pp-wave.

As a final check, we calculate the charges for the dual pp-wave. For the Aichelburg-Sexl
pp-wave, this was done in [[[§. Here, in the symmetric vielbein, we have v, = 0 such that:

R PR LA 3
KO = 167 € 8Zh()jdzl = o % ” (5(t Z) dgr

= k‘}l{r sin@ §(t — rcosf) df = k‘jé d(t —rcosf) d(rcosf)
=k (4.7)

Again the calculation for K, is readily the same and gives —k. There is no contribution
to P,.
o

5. Conclusions

In this letter, we have provided some more arguments to the fact that General Relativity,
at least at the linear level, should include a 4-vector K, dual to the usual one P,,.

Moreover, we showed that the infinite boost of Taub-NUT is a shock pp-wave and thus
also a half-supersymmetric solution of N' = 1 supergravity. This provides more evidence
that the NUT charge should be included in the A/ = 1 supersymmetry algebra such as
conjectured in [[L1]:

{Q,Q'} =~+*CP, + vv*CK, (5.1)
where Q' is related to Q by a phase @ = Qe®* with tana = Ky/Py. Indeed, the
“modified” superalgebra (p.]) is consistent with the projection and the BPS bound derived
in the previous section.

As a final word it would be interesting to see if the construction of more general dual
supersymmetric solutions with NUT charge also provides modifications in their correspond-
ing supersymmetric algebras such as in the super-AdS algebra. It would also be interesting
to study further the appearance of the Lorentzian Taub-NUT charges in higher dimensional
supersymmetry algebras such as the one characterizing M-theory [L9].
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